Abstract. The purpose of this paper is to present a new periodicity criterion. For that purpose, we study the HOMFLY-PT polynomial and the Kauffman polynomial of cables of periodic links. Furthermore, we exhibit a couple of examples for which our criterion is stronger than many previously know criteria, among which is the Khovanov homology criterion of Borodzik and the second author.
Introduction
We say that a link is r-periodic, for some r > 1, if it is invariant under a semi-free action of the finite cyclic group Z r on S 3 . One of the motivations to study periodic links is the fact that a 3-manifold obtained by surgery on a link is periodic if, and only if, the link is periodic [19] .
Many authors have studied polynomial link invariants. In particular, there are several papers considering the Alexander polynomial of periodic links [4, 5, 13] . Similarly, many periodicity criteria use the Jones polynomial [25, 14] and HOMFLY-PT polynomial [24, 17] . For a comprehensive survey of the properties of polynomial invariants of periodic links, refer to [18] . Similarly, one can use link homology theories to devise periodicity criteria [16, 2, 8] .
The main goal of the paper is to give new periodicity criteria in terms of the HOMFLY-PT polynomial [6, 20] and the Kauffman polynomial [10] . Our approach is based on an observation that if a knot K is periodic, then so are suitable cables of K. In order to state the criteria, let us introduce some terminology.
Let R denote the subring of Z[a ±1 , z ±1 ] generated by a ±1 , z,
. For p a prime and an integer n > 0 let J p n be the ideal in R generated by the monomials
, for i = 0, 1, . . . , n.
The HOMFLY-PT polynomial P L (a, z) is the invariant of oriented links characterized by the following properties
Above U denotes the unknot and L + , L − , L 0 are links which are identical except in a neighborhood of a single crossing where they look as in Figure 1 . 
Above, we denote by U the unknot and
are diagrams which locally look as in Figure 2 and are identical otherwise. The Kauffman polynomial of a link L is then defined by
is the writhe of the diagram. Let K be an r-periodic knot, for some r > 1, and suppose that K is equipped with a framing, i.e., a diffeomorphism ϕ :
where N (K) is a Z r -invariant closed tubular neighborhood of K. We say that ϕ is Z r -equivariant the action induced by ϕ on the solid torus is product of a trivial action on the D 2 factor and a rotation on the S 1 factor. For any m > 1, we will denote by K (m) ϕ the ϕ-framed m-cable of K, i.e., the m-component cable link of K formed by the image of m parallel and unlinked copies of the core of the solid torus via ϕ, see Section 2 for the precise definitions.
Below is the main theorem of the paper. Theorem 1.1. Suppose that p is a prime and n > 0. Let K be a p n -periodic knot equipped with an equivariant framing ϕ. Then the following congruences are satisfied
where
As an immediate corollary, we obtain an interesting property of cables of periodic links.
Corollary 1.2.
Suppose that p is a prime and n > 0. Let K be a p n -periodic knot and let ϕ 1 and ϕ 2 be two equivariant framings of K, then for any m > 1
Recall that by setting a = −iq −2 and z = i(q
], which is characterized by the following properties
Therefore, Theorem 1.1 specializes to the following corollary. 
Then, for any m > 1, the following congruence is satisfied
Note that Theorem 1.1, Corollary 1.2 and Corollary 1.3 give an easily-applicable periodicity criterion provided that we can identify candidates for equivariant framings. This characterization is given in Lemma 2.5. Consequently, Theorem 1.1, Corollary 1.2 or Corollary 1.3 coupled with Lemma 2.5 can be applied to verify rule out periodicity in some cases. In particular, these criteria can be applied to prove that the knots 12n749 and 15n124640 are not 7-periodic. These examples are interesting because many previously known criteria, including the criterion using the Khovanov homology [2] , were ineffective in these two cases. For details refer to Section 4.
Many periodicity criteria are ineffective for small periods, see [17, Lemma 4.5] . Unfortunately, a similar thing happens with Corollary 1.3. To be more precise, this criterion is ineffective for periods 2 and 3. These limitations are discussed in detail in Section 5.
The paper is organized as follows. In Section 2, we discuss the properties of cables of periodic links. Section 3 is devoted to the proof of Theorem 1.1. In Section 4 we verify that the knots 12n749 and 15n124640 are not 7-periodic. In Section 5 we discuss limitations of our periodicity criteria. Appendix A contains the Sage source code that we used for computations in Section 4. first author prepared under the supervision of the second author. We are also grateful to Maciej Borodzik for his suggestion for improving the manuscript. MM and WP were supported by the National Science Center grant 2016/22/E/ST1/00040.
Periodic cables of periodic knots
In the remaining part of the paper, we assume unless otherwise stated that all knots are oriented. Because of the resolution of the Smith conjecture [12] , a knot is r-periodic if it admits an r-periodic diagram, i.e., a diagram that is invariant under a rotation of R 2 of order r.
More generally, if we take any braid word w ∈ B |p| in a braid group on |p| strands, the closure of w q is r-periodic, for any r dividing q.
Let K be a knot and let ϕ be a framing of K, i.e., a diffeomorphism ϕ : S 1 ×D 2 → N (K) identifying a closed tubular neighbourhood of K with a solid torus. Notice that ϕ determines a longitude λ = ϕ(S 1 ×{1}) for K. Define the framing coefficient fr(ϕ) = lk(K, λ). It is a standard fact that the framing coefficient characterizes ϕ up to isotopy, i.e., ϕ 1 is isotopic to ϕ 2 if, and only if, fr(ϕ 1 ) = fr(ϕ 2 ). 
We orient components of K Let K be an r-periodic knot. A framing ϕ of K is Z r -equivariant if the image of ϕ is Z r -invariant in S 3 and for any g ∈ Z r and we have Proof. Let D be an r-periodic diagram of K. The blackboard framing ϕ D is Z requivariant and satisifies the desired condition. Notice that we can perform an equivariant Reidemeister I move on D, i.e., we pick an orbit of points on D and perform a Reidemeister I move at each point in such a way that the result is a different r-periodic diagram of K. Notice that such an operation changes the writhe by ±r. Hence, the lemma follows.
Proof of the main theorem
Let p be a fixed prime and let n > 0. Throughout this section we restrict our attention to p n -periodic knots. 
Proof of Theorem 1.1. Suppose that K is a p n -periodic knot endowed with an equivariant framing ϕ. 
Iterating the above procedure, a sufficient number of times yields the desired result.
Comparison with other criteria
As pointed out in the Introduction, Theorem 1.1, Corollary 1.2, or Corollary 1.3 can be coupled with Lemma 2.5 to obtain an easily applicable periodicity criterion. In this section, we will focus on the applications of the criterion coming from Corollary 1.3. In particular, we will compare its strength with several previously known criteria: Figure 3 . The knot 12n749.
(C-1) the Alexander polynomial criterion of Murasugi [13] , (C-2) the Naik homological criterion [15] , (C-3) the mirror image criteria of Traczyk and Przytycki [17, 24] , (C-4) the Khovanov homology criterion of Borodzik and Politarczyk [2] .
The applications of the criteria listed above to the question of 5-periodicity were discussed in detail in [2] . In this paper, we are primarily concerned with 7-periodicity.
The knot data was taken from SnapPy [3] and Knot Atlas [1] .
4.1. 12n749 is not 7-periodic. Let K be the knot 12n749 from, see Figure 3 . We will show that K is not 7-periodic. We have
hence K satisfies (C-1). In particular, if K was 7-periodic, the Alexander polynomial of the quotient knot is ∆ 0 = 1. Moreover,
Furthermore, we have
We have
where the latter congruence holds in R. Verification of the former congruence is straightforward, while the latter congruence can be easily verified with the aid of Lemma [17, Lemma 1.5]. Consequently, K satisfies (C-4) and (C-3). Let ϕ be a framing of K with fr(ϕ) = 7. Computations using the code from Appendix A shows that We will prove that K is not 7-periodic. Firstly, notice that ∆ K (t) = 1, hence K satisfies (C-1) and (C-2). Furthermore, we have
and an application of [17, Lemma 1.5] shows that
where Kh(K; Q) is the Khovanov homology of K. Using the knotkit software [21, 22] we obtain
Using decomposition (4) we can verify that K satisfies (C-4).
On the other hand, if ϕ is the framing with fr(ϕ) = 0, we obtain
hence by Corollary 1.3, K is not 7-periodic.
Limitations
Recall that periodicity criteria (C-3) and (C-4) do not work for periods 2, 3 and 4. As it turns out, the periodicity criterion from Corollary 1.3 shares a similar limitation, i.e., it does not work for periods 2 and 3. The goal of this section is to give a proof of this fact.
Let us start with the following lemma. The lemma is well-known to the experts, but we include the proof in order to avoid confusion resulting from different conventions. (1) Suppose that q ∈ C satisfies q
, where ∆ L denotes the symmetrized Alexander polynomial.
Proof. The lemma is a consequence of the skein relation (3). In order to prove point 1 we will consider each case separately.
• For q = ±1, the skein relation (3) becomes J L+ (q) − J L− (q) = 0, therefore the value of the Jones polynomial at q = ±1 is invariant under crossing changes and the lemma follows.
we get qJ
c(L)−1 , whereq denotes the complex conjugation of q. Notice taking an orientation preserving resolution of a crossing changes the number of components by ±1. Hence the lemma follows in this case. Furthermore,
If follows easily that J L (q) = 1 satisfies the skein relation (remember that q +q = 1). Once more, since
together with the condition ∆ U (t) = 1. Comparison of the skein relations for J L (i) and ∆ L (−1) yields the desired result. 
. We have the following epimorphisms
where p 1,± (q) = ±1 and p 2 (q) = i, where i 2 = −1. Furthermore, the map r = p 1,+ ⊕p 1,− ⊕p 2 is an injection. Indeed, it follows from the fact that r⊗Q is injective. Therefore, it is sufficient to check whether the congruence holds for q = ±1, ±i. For q = ±1 the congruence follows from Lemma 5.1.
Let us now assume that q = i. Notice that the right-hand side of the congruence is zero. Hence we have to prove that
where ∆ L (t) denotes the symmetrized Alexander polynomial. Furthermore, by [7] ,
is divisible by 4. For m = 2 it is easy to check that K (2) ϕ bounds a Seifert surface S of genus 0. A simple calculation with the aid of the Seifert matrix of S yields ∆ K 
Proof. As in the previous theorem, we there is an embedding
where ξ s = exp 2πi s , for s ∈ Z. Hence, it is sufficient to check the congruence for q ∈ C satisfying q 6 = 1. Lemma 5.1 implies that both sides of the congruence are equal to J Um = (q + q −1 ) m−1 , hence the lemma follows.
Appendix A. The code
The purpose of this section is to present the Sage [23] code we used to verify perform calculations in Section 4. The code consists of two functions presented in Listing 1 and Listing 2. The function presented in Listing 1 constructs the m-cable of a given braid b ∈ B n on n-strands with respect to the blackboard framing. The function takes three parameters as an input: an integer m, an integer n and a list arr of integers. The list arr encodes the braid b. Namely, if arr = (a 0 , a 1 , . . . , a k ) , where −n+1 ≤ a i ≤ n−1, The function from Listing 2 implements periodicity criterion from Corollary 1.3. It takes as an input an integer p (the potential period), an integer m (the multiplicity of the cable) and an integer n together with a list of integers arr which encodes a braid on n-strands representing a knot K. The function operates not on the Jones polynomial itself, but on the oriented Kauffman bracket version thereof
hence it returns the difference
As the first step, the function fixes the framing (lines 6-14) by performing an appropriate number of Reidemeister I moves so that the writhe is divisible by p, see Corollary 2.5. And then, it performs the periodicity test.
